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We consider a chain of regularly-spaced spherical metallic nanoparticles, where each particle
supports three degenerate localized surface plasmons. Due to the dipolar interaction between the
nanoparticles, the localized plasmons couple to form extended collective modes. Using an open
quantum system approach in which the collective plasmons are interacting with vacuum electromag-
netic modes and which, importantly, readily incorporates retardation via the light-matter coupling,
we analytically evaluate the resulting radiative frequency shifts of the plasmonic bandstructure.
For subwavelength-sized nanoparticles, our analytical treatment provides an excellent quantitative
agreement with the results stemming from laborious numerical calculations based on fully-retarded
solutions to Maxwell’s equations. Indeed, the explicit expressions for the plasmonic spectrum which
we provide showcase how including retardation gives rise to a logarithmic singularity in the band-
structure of transverse-polarized plasmons. We further study the impact of retardation effects on
the propagation of plasmonic excitations along the chain. While for the longitudinal modes, retar-
dation has a negligible effect, we find that the retarded dipolar interaction can significantly modify
the plasmon propagation in the case of transverse-polarized modes. Moreover, our results elucidate
the analogy between radiative effects in nanoplasmonic systems and the cooperative Lamb shift in
atomic physics.
I. INTRODUCTION
The ability to confine and control light at the nanoscale
is a major achievement of plasmonic systems [1–3]. It is
expected that such an appealing property will allow the
field to spawn numerous applications, in areas ranging
from subwavelength optics and data storage to light gen-
eration, microscopy and biophotonics [4].
The plasmonic quasiparticle, a collective oscillation of
electrons in a metal, may occur in a variety of different
forms, such as a bulk plasmon inside the volume of a
metallic solid, a surface plasmon at a metal-dielectric in-
terface, or a localized surface plasmon (LSP) in a metallic
nanoparticle [5].
Nearly twenty years ago, it was suggested [6] that a lin-
ear chain of regularly-spaced metal nanoparticles could
be used as a subwavelength light guide by exploiting plas-
mons. The idea was to harness the electrodynamic in-
terparticle coupling between the LSPs to transmit light
along the effective waveguide. Such a system is thought
to be a key component in future plasmonic circuitry,
and consequently there has been a plethora of pioneer-
ing experimental [7–13] and theoretical [14–27] investi-
gations seeking to achieve energy and information trans-
port over macroscopic distances using metallic nanopar-
ticle chains. Furthermore, bipartite chains have also been
shown to be of fundamental interest due to their inherent
topologically-nontrivial behavior [28–31].
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The electrodynamic interparticle interaction in the
chain leads to coupling of the LSPs into collective plas-
monic excitations that are extended over the whole one-
dimensional array. This in turn gives rise to a collec-
tive plasmonic bandstructure, in direct analogy with the
quasiparticles (like electrons or phonons) encountered in
one-dimensional lattices in solid-state physics. A number
of early theoretical investigations sought to map out the
plasmonic bandstructure, predominantly from numerical
solutions to Maxwell’s equations in the quasistatic limit,
i.e., without including the effects of retardation in the far
field [6, 14–16].
It was first noticed by Weber and Ford [17], and inde-
pendently by Citrin [18], that retardation has a signifi-
cant impact on the plasmonic bandstructure and results
in radiative shifts of the quasistatic dispersion relation.
In particular, a cusp was found to appear at the inter-
section of the quasistatic plasmonic spectrum with the
light cone for the case of transverse-polarized plasmons
(i.e., those with dipole moments pointing perpendicular
to the chain). Subsequently, further investigations [19–
24], principally using numerical and semi-analytical so-
lutions to Maxwell’s equations, confirmed the results of
Refs. [17, 18] and the importance of retardation. How-
ever, for these aforementioned calculations to be fully
consistent, they require the introduction of a correction
to the polarizability due to radiation damping, a term
which is not universally agreed upon in the literature and
which can lead to acausal behavior [17]. Furthermore, it
is well-known that the frequency shift for a single radi-
ating oscillator, as obtained classically with the intro-
duction of an Abraham-Lorentz term in the equation of
motion, is an order of magnitude smaller than the result
arising from a quantum mechanical calculation [32]. No-
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2tably, in the pioneering experiments of Lamb and Rether-
ford on the fine structure of the hydrogen atom [33], it is
the quantum theory [34] which describes the experimen-
tal data with spectacular quantitative agreement.
More recently, several groups also developed quan-
tum treatments of plasmonic chains [25–27], neglecting
retardation effects. A quantum approach is particu-
larly needed when the size of the nanoparticles consti-
tuting the chain is such that quantum-size effects are
important [35]. Moreover, as we show below, theoreti-
cal tools borrowed from quantum optics provide a useful
and straightforward framework for investigating retarda-
tion effects in nanoplasmonic systems.
In this work, we use an open quantum system ap-
proach to systematically study retardation effects on the
collective plasmon bandstructure in chains of metallic
nanoparticles in a fully self-contained manner. Such an
approach allows one to directly access the finite plas-
monic lifetimes [27], which arise due to the irreversible
dissipation of energy from the plasmonic system to the
three-dimensional photonic bath to which it is coupled.
As follows from the fluctuation-dissipation theorem [36],
the photonic environment further gives rise to a shift in
the plasmonic energy levels [37], in direct analogy with
the celebrated Lamb shift in atomic physics [34, 38]. Ad-
vantageously, our approach allows us to uncover simple
analytical expressions which provide unique insight into
the phenomena under investigation. In particular, we
reveal for long chains that the aforementioned cusp in
the transverse-polarized plasmonic bandstructure corre-
sponds to a logarithmic singularity. We further perform
numerical calculations based on the fully-retarded solu-
tions to Maxwell’s equations for a finite chain of point
dipoles [17] and find excellent quantitative agreement
with our analytical theory in the limit of small nanopar-
ticles.
Our open quantum system approach also allows us to
study the transport of plasmonic excitations along the
chain, and to elucidate the effect of retardation on it.
We find that such effects, as well as the long-ranged na-
ture of the dipole-dipole interaction, are unimportant (at
the qualitative level) for the transport of longitudinal
plasmonic excitations. In contrast, retardation effects
can have an important impact on electromagnetic energy
transport in the case of transverse excitations.
The radiative frequency shifts studied here are con-
nected to the so-called cooperative Lamb shift, famil-
iar from many-atom systems, where an enhancement
of the Lamb shift due to collective interactions be-
tween particles is exhibited [39, 40]. Such a cooperative
Lamb shift has been measured in a variety of pioneer-
ing atomic physics experiments [41–44], including most
recently a synthetic vacuum using ultracold atomic gas
mixtures [45]. One consequence of our work is the pro-
posal that the experimental detection of radiative shifts
in a chain of metallic nanoparticles would constitute a
realization of the cooperative Lamb shift in nanoplas-
monics.
…
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FIG. 1. Sketch of a chain ofN spherical metallic nanoparticles
of radius a separated by a center-to-center distance d.
The paper is organized as follows: In Sec. II, we present
our model of a chain of plasmonic nanoparticles cou-
pled to vacuum photonic modes. In Sec. III we derive
the quasistatic plasmonic bandstructure. We unveil ana-
lytical expressions for the radiative shifts of the collec-
tive plasmonic bandstructure in Sec. IV and compare
them to classical electrodynamic numerical calculations
in Sec. V. In Sec. VI, we study the influence of retar-
dation effects on the transport of plasmonic excitations
along the chain. Finally, we draw conclusions in Sec. VII.
The appendix presents our analytical result for the radia-
tive decay rates of the collective plasmons, including the
long-ranged dipole-dipole interaction, and compares such
a result to electromagnetic numerical calculations.
II. MODEL
We start by presenting our model, which builds upon
the quantum theory developed in Ref. [27], with the sig-
nificant extensions of including the effects of both long-
range quasistatic interactions and retardation. We note
that a classical model could also be used (cf. Sec. V),
with the significant cost of losing complete integrability.
Specifically, we consider a one-dimensional array of
spherical metallic nanoparticles of radius a separated by
a center-to-center distance d (see Fig. 1). Each nanopar-
ticle contains Ne valence electrons of charge −e < 0
and mass me and supports three degenerate, orthogo-
nal dipolar LSPs polarized along the directions x, y or
z. Each LSP corresponds to a harmonic oscillation of
the electronic center of mass at the (bare) resonance fre-
quency ω0. The latter quantity coincides with the Mie
frequency ωp/
√
3 =
√
Nee2/mea3 for the case of alka-
line nanoparticles in vacuum, where ωp is the plasma
frequency. Coulomb interactions between the LSPs in
the chain, which are essentially dipolar for an interpar-
ticle separation d & 3a [16], lead to the coupling of the
localized plasmonic modes into collective plasmons ex-
tended over the whole chain. In the following, we show
that the resulting collective plasmonic bandstructure is
highly modified by retardation effects, accounted for in
3our model by the coupling of the plasmonic modes to the
three-dimensional photonic environment.
Throughout this work we neglect the effects of Landau
damping [46–49], and the associated shift it induces in
the plasmonic resonance frequency [50], since we are pri-
marily focused on radiative effects, which are dominant
as long as the nanoparticles are not too small (i.e., their
radius should be more than ca. 5 nm).
In the Coulomb gauge [51, 52], the fully-retarded
Hamiltonian of the plasmonic chain coupled to vacuum
electromagnetic modes in a volume V reads
H = Hpl +Hph +Hpl-ph. (1)
The purely plasmonic Hamiltonian describing the LSPs
coupled through the long-ranged quasistatic dipole-
dipole interaction is [53, 54]
Hpl =
∑
σ=x,y,z
[
~ω0
N∑
n=1
bσn
†bσn
+
~Ω
2
N∑
n,m=1
(n 6=m)
ησ
|n−m|3
(
bσn + b
σ
n
†
)(
bσm + b
σ
m
†
)]
.
(2)
Here, the indices {n,m} ∈ [1,N ] denote the particle
number in the chain of N nanoparticles and σ accounts
for the two transverse (x, y) and the single longitudinal
(z) polarizations of the plasmonic modes (see Fig. 1).
The bosonic operator bσn (b
σ
n
†) annihilates (creates) an
LSP with polarization σ on nanoparticle n. The cou-
pling constant is Ω = (ω0/2)(a/d)
3, and the polarization-
dependent factor ηx,y = 1 (ηz = −2) for the transverse
(longitudinal) modes arises from the anisotropy of the
dipolar interaction.
The photonic environment in Eq. (1) is described by
the Hamiltonian
Hph =
∑
k,λˆk
~ωkaλˆkk
†
aλˆkk , (3)
where aλˆkk (a
λˆk
k
†
) annihilates (creates) a photon with
wavevector k, transverse polarization λˆk (i.e., k ·λˆk = 0),
and dispersion ωk = c|k|, where c is the speed of light in
vacuum.
The plasmon-photon coupling Hamiltonian in Eq. (1)
reads in the long-wavelength approximation (k0a  1,
with k0 = ω0/c) as [51, 52]
Hpl-ph =
e
me
N∑
n=1
Πn ·A(dn) + Nee
2
2me
N∑
n=1
A2(dn), (4)
where dn = d(n− 1)zˆ corresponds to the location of the
center of nanoparticle n (here and in what follows, hats
designate unit vectors). The momentum associated with
the LSPs in nanoparticle n is
Πn = i
√
Neme~ω0
2
∑
σ=x,y,z
σˆ (bσn
† − bσn), (5)
while the vector potential is given by
A(dn) =
∑
k,λˆk
λˆk
√
2pi~
Vωk
(
aλˆkk e
ik·dn + aλˆkk
†
e−ik·dn
)
.
(6)
Importantly, the Hamiltonian (4) fully takes into account
retardation effects. In particular, the first term on the
right-hand side of Eq. (4), together with the quasistatic
interaction in Eq. (2), correspond to the retarded dipole-
dipole interaction, as can be readily checked from second-
order perturbation theory [52]. In Sec. IV, by means
of second-order perturbation theory we show that the
light-matter coupling in Eq. (4) leads to the radiative
frequency shifts which we evaluate analytically.
III. QUASISTATIC PLASMONIC
BANDSTRUCTURE
Before analyzing the effect of the photonic environment
on the collective plasmon dispersion in Sec. IV, here we
consider first the purely plasmonic Hamiltonian (2) and
derive its associated quasistatic spectrum.
In the long-chain limit where N  1 [55], it is
convenient to use periodic boundary conditions and to
move into wavevector space via the Fourier transform
bσn = N−1/2
∑
q e
inqd bσq , where the plasmonic wavevector
q = 2pip/Nd, with the integer p ∈ [−N/2,N/2]. Then
one obtains for the plasmonic Hamiltonian (2)
Hpl =
∑
σ=x,y,z
∑
q
{
~ω0bσq
†bσq
+
~Ω
2
[
fσq b
σ
q
†
(
bσq + b
σ
−q
†
)
+ h.c.
]}
, (7)
where the structure factor
fσq = 2ησ
∞∑
n=1
cos (nqd)
n3
= ησ
[
Li3
(
eiqd
)
+ Li3
(
e−iqd
)]
(8)
can be expressed in terms of the polylogarithm function
Lis(z) =
∑∞
n=1 z
n/ns.
The Hamiltonian (7) can be readily diagonalized by a
bosonic Bogoliubov transformation, yielding
Hpl =
∑
σ=x,y,z
∑
q
~ωσqBσq
†Bσq , (9)
where the quasistatic spectrum of the collective plas-
monic modes is
ωσq = ω0
√
1 + 2
Ω
ω0
fσq . (10)
4Notice that −3ζ(3)/2 6 fσq /ησ 6 2ζ(3), where ζ(3) =∑∞
n=1 n
−3 ' 1.20 denotes Ape´ry’s constant, such that
ωσq is real for all realistic values of the ratio d/a > 2.
The bosonic Bogoliubov operators in Eq. (9) are de-
fined as Bσq = u
σ
q b
σ
q + v
σ
q b
σ
−q
†, with the coefficients uσq =
(ωσq + ω0)/2(ω0ω
σ
q )
1/2 and vσq = (ω
σ
q − ω0)/2(ω0ωσq )1/2.
The inverse transformation is bσq = u
σ
qB
σ
q − vσqBσ−q†. The
operator Bσq (B
σ
q
†) acts on an eigenstate |nσq 〉 of the
Hamiltonian (9) representing nσq quanta occupying the
collective plasmon mode with polarization σ, wavevec-
tor q, and eigenenergy ~ωσq with the following algebra:
Bσq |nσq 〉 =
√
nσq |nσq − 1〉 (Bσq †|nσq 〉 =
√
nσq + 1|nσq + 1〉).
Equation (10) describes the quasistatic plasmonic
bandstructure of the system unperturbed by the photonic
environment, which recovers the classically-calculated re-
sult from the literature [14, 16–18]. This is plotted in
Fig. 2 (see solid black lines) for both the transverse
[panel (a)] and longitudinal polarizations [panel (b)].
Their and in what follows, we only display results as
a function of positive plasmon wavenumber, due to the
even parity of the quantities under consideration. In the
figure, we also plot the plasmonic dispersion considering
only the dipolar interaction between nearest neighbors in
the chain (see dashed lines),
ωσn.n.,q = ω0
√
1 + 4ησ
Ω
ω0
cos (qd). (11)
As can be seen from the figure, the long-ranged nature of
the quasistatic part of the dipolar interaction has a rather
weak effect on the plasmonic bandstructure. In particu-
lar, the bandwidth ∆ωσ = |ωσq=pi/d−ωσq=0| is larger when
interactions with all pairs of nanoparticles are taken into
account. In the weak-coupling limit Ω  ω0, we find
∆ωσ = 7|ησ|ζ(3)Ω/2 ' 4.21|ησ|Ω, while the nearest-
neighbor bandwidth ∆ωσn.n. = 4|ησ|Ω.
IV. RADIATIVE SHIFTS OF THE
COLLECTIVE PLASMONIC BANDSTRUCTURE
In order to obtain the radiative frequency shifts in-
duced by the photonic environment and resulting from
the retardation in the dipole-dipole interaction, we now
treat the coupling Hamiltonian (4) up to second order in
perturbation theory. For a given mode, the plasmonic en-
ergy levels then become Enσq = E
(0)
nσq
+E
(1)
nσq
+E
(2)
nσq
, where
the unperturbed contribution is E
(0)
nσq
= nσq ~ωσq , with ωσq
as defined in Eq. (10).
The first-order contribution
E
(1)
nσq
= 2piN~ω20
a3
V
∑
k
1
ωk
(12)
arises from the second term on the right-hand side of
Eq. (4), that does not involve plasmonic degrees of free-
dom. As such, this correction corresponds to a global
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FIG. 2. Collective plasmonic bandstructure (in units of the
bare LSP resonance frequency ω0) as a function of the (re-
duced) plasmonic wavevector qd, in half of the first Brillouin
zone. Both the (a) transverse and (b) longitudinal polar-
izations are shown. Solid black lines: quasistatic dispersion
relation without coupling to the photonic environment, see
Eq. (10). Dashed lines: quasistatic dispersion relation con-
sidering only nearest-neighbor couplings from Eq. (11). Col-
ored lines: plasmonic dispersion relation including coupling
to the photonic environment obtained from Eq. (15) with
Eq. (19) for k0a = 0.1 (green lines), k0a = 0.2 (blue lines),
and k0a = 0.3 (red lines). In the figure, the interparticle
separation d = 3a (corresponding to Ω/ω0 = 1/54) and the
ultraviolet cutoff frequency ωc = c/a.
energy shift which does not depend on the quantum num-
ber nσq . Therefore, it does not lead to a renormalization
of the collective mode resonance frequency, since only
interlevel energy differences are observable.
The second-order contribution E
(2)
nσq
arises from the first
term on the right-hand side of the coupling Hamilto-
nian (4). It corresponds to the emission and subsequent
reabsorption of virtual photons by the plasmonic state
|nσq 〉. Explicitly, one finds
E
(2)
nσq
= pi~ω20ωσq
a3
V
∑
k,λˆk
|σˆ · λˆk|2
ωk
×
(
nσq |F−k,q|2
ωσq − ωk
− (n
σ
q + 1)|F+k,q|2
ωσq + ωk
)
, (13)
5where the summation over k excludes the singular term
for which ωk = ω
σ
q . In the expression above, the array
factor reads as
F±k,q =
e∓ikzd√N
N∑
n=1
ein(q±kz)d, (14)
with kz = k · zˆ. In the continuum limit, where
∑
k →VP ∫ d3k/(2pi)3 (here, P denotes the Cauchy principal
value), the second-order correction (13) appears to be
divergent. Such a divergence can be regularized by in-
troducing an ultraviolet cutoff kc, which must be of the
order of 1/a, the wavelength below which the dipolar ap-
proximation used in Eq. (4) breaks down [56].
To second order in perturbation theory, the renormal-
ized frequency difference between successive plasmonic
energy levels ω˜σq = (Enσq+1−Enσq )/~ is then independent
of the quantum number nσq and reads
ω˜σq = ω
σ
q + δ
σ
q , (15)
where the radiative frequency shift is given by
δσq = piω
2
0ω
σ
q
a3
V
∑
k,λˆk
|σˆ · λˆk|2
ωk
(
|F−k,q|2
ωσq − ωk
− |F
+
k,q|2
ωσq + ωk
)
.
(16)
Carrying out the summation over photon polarization
in Eq. (16) via the relation
∑
λˆk
|σˆ · λˆk|2 = 1−(σˆ · kˆ)2 and
transforming the wavevector summation into a principal-
value integral in spherical coordinates (k, θ, ϕ) yields
δσq =
1
8pi2c
ω20ω
σ
q a
3 P
∫ kc
0
dk k
×
∫ pi
0
dθ sin θ
(
|F−k,q|2
ωσq − ck
− |F
+
k,q|2
ωσq + ck
)
×
∫ 2pi
0
dϕ[1− (kˆ · σˆ)2], (17)
where kc > ω
σ
q /c. The integral over the azimutal angle
ϕ is easily evaluated with the identity∫ 2pi
0
dϕ[1− (kˆ · σˆ)2] = pi|ησ|
(
1 + sgn{ησ} cos2 θ
)
. (18)
In the long-chain limit (N  1), the subsequent inte-
gral over the polar angle θ is readily obtained using that
|F±k,q|2 ' 2piδ ([q ± k cos θ]d]), where δ(z) is the Dirac
delta function. Carrying out the remaining integral over
k then gives the final result
δσq =
ησ
2
ω20
ωσq
q2a3
d
Θ (ωc − c|q|)
{
ln
(
ωc
c|q|
)
+
1
2
[
1 + sgn{ησ}
(
ωσq
cq
)2]
ln
(
|(cq)2 − ωσq 2|
ω2c − ωσq 2
)}
,
(19)
with ωc = ckc and where Θ(z) is the Heaviside step func-
tion.
The frequency shift (19) is only logarithmically-
divergent with the cutoff ωc, in analogy with the ex-
pression for the Lamb shift in atomic physics [34, 38].
As is the case for the associated radiative damping de-
cay rate of the system (cf. Eq. (A1) in the appendix and
Ref. [27]), the magnitude of the frequency shift (19) is
directly proportional to the volume of the nanoparticles
in the chain (δσq ∝ a3). When compared to the single-
nanoparticle LSP radiative shift δ0 ' 2ω0(k0a)4/3pi [37],
the shifts (19) can be at least an order of magnitude
larger than δ0, since |δσq |/δ0 ∼ (k0a)−1(k0d)−1, where
k0a  1 within the dipolar approximation (4). Such a
superradiant behavior arises due to the constructive in-
terferences between the electromagnetic fields generated
by each LSP in the chain, hence enhancing the effective
coupling to the photonic environment, analogously to the
cooperative Lamb shift in atomic physics [39–44]. Super-
radiance is also observed for the radiative decay rates
of the collective plasmons [27] (see Fig. 5), since both
energy-level renormalizations and finite lifetimes are in-
timately related through the fluctuation-dissipation the-
orem [36].
In Fig. 2, we plot the renormalized plasmonic band-
structure (15) for both the transverse [panel (a)] and
longitudinal polarizations [panel (b)] as solid colored
lines, for the nanoparticle sizes k0a = 0.1 (green lines),
k0a = 0.2 (blue lines), and k0a = 0.3 (red lines). In
the figure, the interparticle separation is d = 3a and the
ultraviolet cutoff frequency is chosen as ωc = c/a.
Immediately apparent from Fig. 2 is the presence of
a cusp in the dispersion relation of the transverse modes
[panel (a)]. In the large-chain limit (N  1), such a cusp
corresponds to a logarithmic singularity, see the last term
in Eq. (19). This singularity occurs at the intersection be-
tween the quasistatic plasmonic dispersion and the light
cone (ωx,yq = c|q|), i.e., at |q| ' k0 to zeroth order in
Ω/ω0  1. The presence of a polarization-dependent
singularity may be expected from the knowledge of the
radiative damping decay rate of the system [cf. Eq. (A1)
and Fig. 5(a) in the appendix] which presents a step dis-
continuity for the transverse polarization at |q| ' k0.
In contrast, there is no such discontinuity of the radia-
tive damping rate for the longitudinal polarization, and
hence no cusp appears in the associated dispersion [see
Figs. 2(b) and 5(b)].
The behavior observed in Fig. 2 and encapsulated in
Eq. (19) has been reported previously by means of labori-
ous numerical calculations based on the fully-retarded so-
lutions to Maxwell’s equations [17–24]. Our simple open
quantum system approach provides a transparent analyt-
ical expression which describes all of the key phenomena
observed in the collective plasmon dispersion relation, in-
cluding the effects of retardation.
As a caveat, we have to point out that the singular-
ity in the transverse collective plasmon dispersion stems
from a perturbative calculation up to second order in the
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FIG. 3. Plasmonic dispersion relation as a function of the wavevector for (a)-(c) the transverse and (d)-(f) longitudinal
polarizations. Dots: fully-retarded numerical solution to Maxwell’s equations for particle sizes (a),(d) k0a = 0.1 (green dots),
(b),(e) k0a = 0.2 (blue dots), and (c),(f) k0a = 0.3 (red dots) for a chain of N = 20 nanoparticles. Solid lines: analytical
dispersion relation (15) for (a),(d) k0a = 0.1 (green lines), (b),(e) k0a = 0.2 (blue lines), and (c),(f) k0a = 0.3 (red lines). Same
parameters as in Fig. 2.
light-matter interaction. As such, large deviations from
the natural LSP frequency ω0 should be treated with
caution. A thorough analysis involving the simultaneous
diagonalization of the plasmonic and photonic systems
in the strong coupling regime goes however beyond the
scope of the present manuscript.
V. COMPARISON TO CLASSICAL
ELECTRODYNAMIC CALCULATIONS
In this section we compare the plasmonic dispersion
relation as derived from our open quantum system ap-
proach [cf. Eqs. (15) and (19)] to the results obtained by
solving Maxwell’s equations including retardation. We
employ the classical theory of Weber and Ford [17] for
a finite chain of N nanoparticles within the point-dipole
approximation. Following the methodology presented in
Sec. III of Ref. [17], we numerically calculate the plas-
monic dispersion using the classical expression of the in-
duced dipole moment on each nanoparticle in the chain
for lossless metals. These coupled dipole moments give
rise to an N × N non-Hermitian eigenvalue problem.
The plasmonic eigenfrequencies are extracted from the
real part of the complex roots of the formed determi-
nant, while the imaginary part gives access to the radia-
tive decay rate of the collective plasmons (see the ap-
pendix) [57].
In our numerical calculations, we account for the ef-
fect of radiation damping in the polarizability using the
prescription used, e.g., in Ref. [58] (see also Eq. (6) in
Ref. [17]). Notably, this ad hoc correction to the polar-
izability is not universally accepted in the literature and
can lead to acausal behavior of the system [32]. Both of
these problems are increasingly pronounced for greater
particle sizes as this corrective term is no longer pertur-
bative.
In Fig. 3 we plot the results obtained from the numer-
ical procedure described above for a chain of N = 20
nanoparticles, for an interparticle separation d = 3a
(colored dots) for both polarizations and for increasing
nanoparticle sizes [59]. We further plot the analytical
expression (15) for comparison (see solid lines). As can
be seen from the figure, for the smaller nanoparticle sizes
[k0a = 0.1, green dots and lines in panels (a),(d)], the
quantitative agreement is excellent for both plasmon po-
larizations. With increasing particle sizes [k0a = 0.2 and
k0a = 0.3, blue and red dots and lines, panels (b),(e)
and (c),(f), respectively], the quantitative agreement is
reduced, but still very good, with a relative difference of
about 1 % (2 %) for k0a = 0.2 (k0a = 0.3). In the trans-
verse polarization, the frequency softening induced by the
light-matter coupling (encoded in the singular frequency
shift) is qualitatively reproduced by the numerical anal-
ysis.
7VI. RETARDATION EFFECTS ON THE
PROPAGATION OF PLASMONIC EXCITATIONS
ALONG THE CHAIN
Having discussed the influence of retardation on the
plasmonic bandstructure in Sec. IV, here we study its im-
pact on the propagation of plasmonic excitations along
the chain. Assuming that the first nanoparticle within
the chain is driven by a monochromatic, sinusoidal elec-
tric field with driving frequency ωd, amplitude E0, and
polarization ˆ, the time-averaged, root-mean-square (di-
mensionless) dipole moment on nanoparticle n is given
by (see Sec. IV in Ref. [27] for details)
√
∆σ2n =
1√N + 1
√(
S˜σn
)2
+
(
C˜σn
)2
. (20)
Here,
S˜σn =
∑
q
Aσq
sin (nqd)√
ωσq /ω0
Ωσq
2 − ω2d(
ω2d − Ωσq 2
)2
+
(
γσq ωd
)2 (21)
and
C˜σn = −
∑
q
Aσq
sin (nqd)√
ωσq /ω0
γσq ωd(
ω2d − Ωσq 2
)2
+
(
γσq ωd
)2 , (22)
where
Aσq = −2
√
2
N + 1(σˆ · ˆ) sin (qd) ΩRω˜
σ
q
√
ω0
ωσq
, (23)
with the Rabi frequency ΩR = eE0
√
Ne/2me~ω0, and
(Ωσq )
2 = (ω˜σq )
2 + (γσq /2)
2. Here, γσq = γ
σ,r
q + γ
O corre-
sponds to the total decay rate of the plasmonic mode with
wavevector q and polarization σ. This quantity is com-
posed of the radiative decay rate γσ,rq , whose expression is
given by Eq. (A1) in the appendix, and of the nonradia-
tive (mode- and polarization-independent) Ohmic losses
γO. Notice that for very small nanoparticles (those with
radii smaller than ca. 5 nm), which we do not consider
in this work, one must add to γσq the nonradiative Lan-
dau damping γσ,Lq elucidated in Ref. [27] in order to fully
take into account all of the various decay mechanisms the
plasmons are subject to.
In Fig. 4, we show the result of a numerical evaluation
of Eq. (20) (normalized by the root-mean-square dipole
moment of the first nanoparticle,
√
∆σ21) for a chain of
N = 1000 nanoparticles spaced by a center-to-center in-
terparticle distance d = 3a, where the first particle in
the chain is driven by a monochromatic field with fre-
quency ωd = ω0, for both transverse [panels (a)-(c)] and
longitudinal [panels (d)-(f)] excitations, and for increas-
ing values of the parameter k0a. In the figure, the red
lines correspond to the fully-retarded results, i.e., taking
into account both the quasistatic dispersion relation (10)
including all neighbors in the chain, as well as the radia-
tive shifts (19). The blue lines are the resulting
√
∆σ2n
considering the quasistatic bandstructure (10) but ne-
glecting the radiative shifts (19), while the green lines
correspond to taking into account the dispersion rela-
tion with nearest-neighbor interactions only [cf. Eq. (11)].
The latter results correspond to the approximation used
in Ref. [27].
It is clear from Figs. 4(d)-(f) that both the long-ranged
nature of the quasistatic dipolar interaction and the ra-
diative shifts have essentially no qualitative effect on the
propagation of plasmons for longitudinally-polarized ex-
citations. As was argued in Ref. [27], there is a clear
crossover between an exponentially-decaying behavior of√
∆σ2n for short distances along the chain (n . 80− 100
for the parameters used in the figure, depending on the
nanoparticle sizes), and an algebraic one for larger dis-
tances (with
√
∆σ2n ∼ 1/nζ
z
, where ζz ' 2). The ex-
ponential decay is of purely nonradiative origin and is in
excellent quantitative agreement with the estimate [27]
√
∆σ2n '
|σˆ · ˆ|√
2|ησ|
ΩR
Ω
√1 + ( γO
4|ησ|Ω
)2
− γ
O
4|ησ|Ω
n ,
(24)
shown by a gray line in Figs. 4(d)-(f), and resulting in a
propagation length ξσ = d/arcsinh(γO/4|ησ|Ω). We can
therefore conclude from the above discussion that tak-
ing into account only the dipolar interaction among the
nearest-neighbor nanoparticles in the chain and neglect-
ing retardation effects [and the associated radiative fre-
quency shifts (19)] provides a very good qualitative and
quantitative description of the propagation of plasmonic
excitations along the chain for the longitudinal modes.
We now focus on the propagation of plasmons for a
transverse-polarized excitation [Figs. 4(a)-(c)]. While
both quasistatic results [i.e., including only nearest-
neighbor interaction (green lines) and the full spectrum
(10) (blue lines)] are qualitatively similar, the fully-
retarded results (red lines) show increasingly larger de-
viations from the quasistatically-calculated behavior for
increasing nanoparticle sizes. For small nanoparticle sizes
[k0a = 0.1, panel (a)], the aforementioned crossover be-
tween exponential and algebraic decay (with a power law√
∆σ2n ∼ 1/nζ
x,y
, with ζx,y ' 1 [27]) is still clear cut
[with the exponential part of the decay well described
by Eq. (24), see the gray lines in Figs. 4(a)-(c)]. How-
ever, deviations from such an exponential decay become
apparent for intermediate nanoparticle sizes [k0a = 0.2,
compare blue and gray solid lines in Fig. 4(b)]. For larger
sizes [k0a = 0.3, panel (c)], the decay of the plasmonic ex-
citation shows a pronounced algebraic behavior (see red
line), demonstrating the importance of retardation effects
when describing such a decay for transverse-polarized
modes.
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FIG. 4. Normalized time-averaged root-mean-square dipole moment on nanoparticle n resulting from a monochromatic excita-
tion at frequency ωd = ω0 of the first nanoparticle in a chain with N = 1000 and interparticle separation d = 3a. Results are
shown for (a)-(c) the transverse and (d)-(f) longitudinal polarizations, and for increasing values of k0a. Red lines: full solution
(20), including the radiative shifts (19). Blue lines: solution (20), neglecting the radiative shifts (19). Green lines: Eq. (20),
neglecting the radiative shifts (19) and with the nearest-neighbor dispersion (11) instead of Eq. (10). Gray lines: analytical
estimate from Eq. (24). In the figure, γO = 0.02ω0.
VII. CONCLUSIONS
Within an open quantum system approach, we have
developed a transparent theory of collective plasmons
coupled to vacuum electromagnetic modes in a chain of
spherical metallic nanoparticles. Our analytical model
describes how the plasmonic bandstructure of the system
can be strikingly modified by retardation effects. Most
noticeable is the band reconstruction for the case of the
transverse plasmon polarization, which exhibits a cusp
corresponding to a logarithmic singularity at the inter-
section of the plasmonic dispersion with the light cone.
Our analytical results have been shown to be in excellent
agreement with numerical solutions of Maxwell’s equa-
tions in the chain.
While two experiments [10, 11] have succeeded in map-
ping some of the plasmonic dispersion, namely the part of
the first Brillouin zone significantly inside the light cone,
the experimental observation of the full bandstructure
remains an outstanding challenge, which will most likely
require the use of electron energy loss spectroscopy [60].
We have further studied the influence of retardation
effects on the propagation of plasmonic excitations along
the chain, when the first nanoparticle is driven by a
monochromatic electric field. While retardation effects
have essentially no influence on the plasmonic propa-
gation for longitudinally-polarized modes, the propaga-
tion of transverse-polarized modes changes from an ex-
ponential decay for short distances along the chain into
a fully-algebraic one for all distances in the case of large
nanoparticles.
Our expressions for the radiative frequency shifts due
to the photonic environment provide a clear link to the
cooperative Lamb shift phenomenon in atomic physics,
and suggest our proposed nanoplasmonic system as a
novel host of effects commonly thought to only belong
to the realm of quantum electrodynamics.
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FIG. 5. Radiative decay rates (in units of the resonance fre-
quency ω0) as a function of the (scaled) wavenumber q for
(a) the transverse and (b) longitudinal polarizations. Dots:
fully-retarded numerical solution to Maxwell’s equations for a
chain of N = 20 nanoparticles separated by a distance d = 3a
and for particle sizes k0a = 0.1 (green dots), k0a = 0.2 (blue
dots), and k0a = 0.3 (red dots). Solid lines: decay rate from
Eq. (A1) for k0a = 0.1 (green lines), k0a = 0.2 (blue lines),
and k0a = 0.3 (red lines).
APPENDIX: RADIATIVE DECAY RATES
The classical treatment based on Maxwell’s equations
with retardation for point dipoles proposed in Ref. [17],
which we follow to calculate plasmonic bandstructures
numerically in Sec. V, further gives access to the radia-
tive decay rate γσ,rq of each collective mode in the chain
of nanoparticles. For completeness, in this appendix we
present our numerical data for γσ,rq , which we then com-
pare to the results derived from the open quantum system
approach of Ref. [27]. Both approaches are found to be
in very good agreement.
In Fig. 5, we plot the decay rates γσ,rq as found from
our classical calculations for both collective plasmon po-
larizations (colored dots). As in Sec. V, the presented
results are for a chain of N = 20 nanoparticles, with
interparticle separation d = 3a and nanoparticle sizes
k0a = 0.1 (green dots), k0a = 0.2 (blue dots), and
k0a = 0.3 (red dots). Also displayed by solid lines in
the figure is the radiative decay rates calculated from
Fermi’s golden rule with the light-matter coupling Hamil-
tonian (4). Generalizing the results of Ref. [27], which
were obtained considering only nearest-neighbor interac-
tions, to the case where the whole long-ranged quasistatic
interaction is considered, yields in the long-chain limit
(N  1)
γσ,rq =
piησ
2
ω20
ωσq
q2a3
d
Θ
(
ωσq − c|q|
) [
1 + sgn{ησ}
(
ωσq
cq
)2]
.
(A1)
Notice that the above expression corresponds to Eq. (33)
in Ref. [27] after the replacement of ωσn.n.,q [cf. Eq. (11)]
with ωσq [cf. Eq. (10)]. As can be clearly seen from Fig. 5,
the trend encapsulated in Eq. (A1) is well matched by the
data points. The slight deviations between analytical and
numerical results around q = k0 arise due to finite-size
effects [27] and are most prominent for the transverse po-
larization [panel (a)], as is the case for the renormalized
plasmonic dispersion (see Fig. 3).
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